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Abstract
This paper is concerned with the long-time behavior of solutions for the three dimensional globally modified Navier-
Stokes equations in a three-dimensional bounded domain. We prove the existence of a global attractor A0 in H
and investigate the regularity of the global attractors by proving that A0 = A established in [3], which implies the
asymptotic smoothing effect of solutions for the three dimensional globally modified Navier-Stokes equations in the
sense that the solutions will eventually become more regular than the initial data. Furthermore, we construct an
exponential attractor in H by verifying the smooth property of the difference of two solutions, which entails the fractal
dimension of the global attractor is finite.
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1. Introduction
In this paper, we consider the long-time behavior of solutions for the following three dimensional globally modi-
fied Navier-Stokes equations (see [3])

∂u
∂t
− ν∆u + FN(‖u‖)(u · ∇)u + ∇p = f , (x, t) ∈ Ω × R
+,
∇ · u = 0, (x, t) ∈ Ω × R+,
u = 0, (x, t) ∈ ∂Ω × R+,
u(x, 0) = u0(x), x ∈ Ω,
(1.1)
where Ω ⊂ R3 is a bounded domain with smooth boundary ∂Ω and R+ = [0,+∞), FN(r) is defined by
FN(r) = min{1,
N
r
}, r ∈ R+
for some N ∈ R+ and ‖u‖ is the norm of u in V defined in the next section, u(x, t) is the velocity of the fluid and p(x, t)
is the pressure of the fluid, ν is the kinematic viscosity of the fluid, f is the given external force.
In the past several decades, the well-posedness and the long-time behavior of solutions for the three dimensional
globally modified Navier-Stokes equations have been extensively studied from the theoretical point of view (see [2, 3,
4, 5, 7, 12, 13, 14, 15, 16, 17, 19]). In particular, in [3], the authors have considered the existence and uniqueness of
strong solutions of the three dimensional globallymodified Navier-Stokes equations. Meanwhile, they also established
the existence of a global attractors in V by verifying the flattening property and obtained the existence of bounded
entire weak solutions of the three dimensional Navier-Stokes equations with time independent forcing via a limiting
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argument. The uniqueness of weak solutions for the three dimensional globally modified Navier-Stokes equations
was proved in [19]. In [16], the authors have established the existence, uniqueness and continuity properties of
solutions for the three dimensional globally modified Navier-Stokes equations with finite delay terms within a locally
Lipschitz operator. Moreover, they also proved that there exists a unique globally asymptotically exponentially stable
stationary solution for the stationary problem under suitable assumptions. The regularity of solutions as well as
the relationship between global attractors, invariant measures, time-average measures and statistical solutions of the
three dimensional globally modified Navier-Stokes equations were investigated in the case of temporally independent
forcing in [4]. In [12], the authors have established the existence and finite fractal dimension of a pullback attractor
in V for the three-dimensional non-autonomous globally modified Navier-Stokes equations in a bounded domain
under some appropriate assumptions on the time dependent forcing term. The existence and uniqueness of strong
solutions, asymptotic behavior of solutions and the existence of a pullback attractor for the three-dimensional globally
modified Navier-Stokes equations with delay in the locally Lipschitz case was considered in [5]. In [14], the authors
have established the existence and uniqueness of solution for the three dimensional globally modified Navier-Stokes
equations containing infinite delay terms. Moreover, they also proved the global exponential decay of the solutions
of the evolutionary problem to the stationary solution under some suitable additional conditions. The existence of
pullback attractors in two different settings for the three dimensional globally modified Navier-Stokes equations with
infinite delays and their relationship were investigated in [15]. In [13], the authors have established the relationship
between invariant measures and statistical solutions for the three-dimensional non-autonomous globally modified
Navier-Stokes equations in the case of temporally independent forcing term by using a smoother Galerkin scheme and
proved that a stationary statistical solution is also an invariant probability measure under suitable assumptions.
Although the global attractor represents the first important step in the understanding of long-time behavior of
dynamical systems generated by the three dimensional globally modified Navier-Stokes equations, it may also present
two essential drawbacks:on the one hand, the rate of attraction of the trajectories may be small and it is usually
very difficult to estimate this rate in terms of the physical parameters of the problem. On the other hand, it is very
sensitive to perturbations such that the global attractor can change drastically under very small perturbations of the
initial dynamical system. These drawbacks obviously lead to essential difficulties in numerical simulations of global
attractors and even make the global attractor unobservable in some sense.
An alternative object to describe the long-term dynamics is an inertial manifold, which is free from the above-
mentioned drawbacks (see [10]). Unfortunately, its existence can be proved only under very restrictive spectral gap as-
sumptions, which can be verified in few particular dynamical systems, mainly arising from one-dimensional parabolic
equations (see [11]).
In order to overcome this difficulty, an intermediate object has been introduced in [6, 8], an exponential attractor
or inertial set. The exponential attractors contain the global attractor, are finite dimensional, and attract the trajectories
exponentially fast. In contrast to the global attractor, an exponential attractor attracts exponentially the trajectories
and will thus be more stable. Meanwhile, it also provides a way of proving that the global attractor has finite fractal
dimension. Furthermore, in some situations, the global attractor can be very simple and thus fails to capture interesting
transient behaviors. In such situations, an exponential attractor could be a more suitable object. Therefore, it is
useful to explore the existence of an exponential attractor for the three dimensional globally modified Navier-Stokes
equations.
The purpose of this paper is to study long-time behavior of solutions for the three dimensional globally modified
Navier-Stokes equations. In the next section, we give the definition of some function spaces and recall a lemma used
in the sequel. In Section 3, we first prove the existence of a global attractor and the regularity of global attractors, and
then, we construct an exponential attractor for problem (1.1) by proving the smooth property of the difference of two
solutions, which implies the fractal dimension of the global attractor is finite.
Throughout this paper, let X be a Banach space endowed with the norm ‖ · ‖X , let ‖u‖p be the norm of u in L
p(Ω)
and let C be positive constants which may be different from line to line.
2. Preliminaries
In this section, we introduce some function spaces and recall a lemma used in the sequel.
2
Define
V = {v ∈ (C∞0 (Ω))
3 : ∇ · v = 0}.
Denote by H and V, respectively, the closure ofV with respect to the (L2(Ω))3-norm ‖ · ‖2 and the (H
1
0
(Ω))3-norm ‖ · ‖.
Lemma 2.1. ([19]) For every u, v ∈ V and each N > 0, the following two conclusions hold:
(i) 0 ≤ ‖u‖FN(‖u‖) ≤ N.
(ii) |FN(‖u‖) − FN(‖v‖)| ≤
1
N
FN(‖u‖)FN(‖v‖)‖u − v‖.
3. The existence of a global attractor and an exponential attractor
3.1. The well-posedness of weak solutions
The existence and uniqueness of weak solutions was obtained in [3, 19]. Here, we only state it as follows.
Theorem 3.1. Assume that f ∈ H. Then for any u0 ∈ H, there exists a unique weak solution u ∈ C(R
+;H) ∩
L2
loc
(R+;V) of problem (1.1), which depends continuously on the initial data in H.
By Theorem 3.1, we can define the operator semigroup {S (t)}t≥0 in H by
S (t)u0 := u(t) = u(t, u0)
for any t ≥ 0, where u(t) is the weak solution of problem (1.1) with initial data u(0) = u0 ∈ H.
3.2. The existence of a global attractor
In this subsection, we will prove the existence of a global attractor in H and the regularity of global attractors for
problem (1.1). In what follows, we first prove the existence of an absorbing set in V for problem (1.1).
Theorem 3.2. Assume that f ∈ H. Then there exists a positive constant ρ1 satisfying for any bounded subset
B ⊂ H, there exists some time t0 = t0(B) > 0 such that for any weak solutions of problem (1.1) with initial data u0 ∈ B,
we have
‖u(t)‖2 ≤ ρ1
for any t ≥ t0.
Proof. Taking the inner product of the first equation of (1.1) with u in H, we obtain
1
2
d
dt
‖u(t)‖22 + ν‖u(t)‖
2
=
∫
Ω
f · u(t) dx
≤‖ f ‖2‖u(t)‖2
≤
ν
2
‖u(t)‖2 +
1
2νλ1
‖ f ‖22.
From the Poincare´ inequality and Young inequality, we deduce
d
dt
‖u(t)‖22 + ν‖u(t)‖
2 ≤
1
νλ1
‖ f ‖22 (3.1)
and
d
dt
‖u(t)‖22 + νλ1‖u(t)‖
2
2 ≤
1
νλ1
‖ f ‖22,
where λ1 is the first eigenvalue of the Stokes operator A.
3
It follows from the classical Gronwall inequality that
‖u(t)‖22 ≤ ‖u0‖
2
2e
−νλ1t +
1
ν2λ2
1
‖ f ‖22,
which implies that for any bounded subset B ⊂ H, there exists some time τ0 = τ0(B) ≥ 0 such that for any u0 ∈ B, we
obtain
‖u(t)‖22 ≤
2
ν2λ2
1
‖ f ‖22 (3.2)
for any t ≥ τ0.
Integrating (3.1) from t to t + 1 and using (3.2), we obtain for any u0 ∈ B,
∫ t+1
t
‖u(s)‖2 ds ≤
1
ν2λ1
‖ f ‖22 +
1
ν
‖u(t)‖22
≤(1 +
2
νλ1
)
1
ν2λ1
‖ f ‖22 (3.3)
for any t ≥ τ0.
Multiplying the first equation of (1.1) by Au = −P∆u and integrating over Ω, where P is the Leray-Helmotz
projection from (L2(Ω))3 onto H, we obtain
1
2
d
dt
‖u(t)‖2 + ν‖Au(t)‖2 =
∫
Ω
f · Au − FN(‖u‖)[(u · ∇)u] · Au dx
≤‖ f ‖2‖Au‖2 + |FN(‖u‖)| ‖u‖6 ‖∇u‖3 ‖Au‖2.
It follows from Sobolev inequality, Young inequality and Lemma 2.1 that
1
2
d
dt
‖u(t)‖2 + ν‖Au(t)‖2 ≤‖ f ‖2‖Au‖2 + |FN(‖u‖)| ‖u‖6 ‖∇u‖3 ‖Au‖2
≤
1
ν
‖ f ‖22 +
ν
4
‖Au‖22 +C|FN(‖u‖)| ‖u‖ ‖u‖
1
2 ‖Au‖
3
2
2
≤
1
ν
‖ f ‖22 +
ν
2
‖Au‖22 +CN
4‖u‖2,
which implies that
d
dt
‖u(t)‖2 + ν‖Au(t)‖2 ≤
2
ν
‖ f ‖22 +CN
4‖u‖2. (3.4)
We deduce from the uniform Gronwall inequality and (3.3) that for any u0 ∈ B,
‖u(t)‖2 ≤
(
2
ν
‖ f ‖22 + (1 +
2
νλ1
)
1
ν2λ1
‖ f ‖22
)
eCN
4
≤
1
ν
(2 +
1
νλ1
+
2
ν2λ2
1
)‖ f ‖22e
CN4 (3.5)
for any t ≥ τ0 + 1.
We infer from (3.4) that
d
dt
(
(t − τ0)‖u(t)‖
2
)
≤
2
ν
‖ f ‖22(t − τ0) +CN
4(t − τ0)‖u‖
2
+ ‖u(t)‖2. (3.6)
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Integrating (3.6) from τ0 to τ0 + 1 and using (3.3), we obtain for any u0 ∈ B,
‖u(τ0 + 1)‖
2 ≤
∫ τ0+1
τ0
2
ν
‖ f ‖22(t − τ0) +CN
4(t − τ0)‖u(t)‖
2
+ ‖u(t)‖2 dt
≤
2
ν
‖ f ‖22 + (CN
4
+ 1)(1 +
2
νλ1
)
1
ν2λ1
‖ f ‖22. (3.7)

Thanks to the compactness of V ⊂ H, we immediately obtain the following result.
Theorem 3.3. Assume that f ∈ H. Then the semigroup {S (t)}t≥0 generated by problem (1.1) possesses a global
attractorA0 in H.
Next, we will prove the regularity of global attractors for problem (1.1).
Theorem 3.4. Assume that f ∈ H and letA be the global attractor in V of problem (1.1) established in [3]. Then
A = A0.
Proof. From the definition of the global attractor, we deduce thatA is a bounded subset of V, which implies thatA is
also a bounded subset of H. Therefore, we obtain
distH(A,A0) =distH(S (t)A,A0) (∀ t ∈ R
+)
= lim
t→+∞
distH(S (t)A,A0)
=0,
which entails that
A ⊂ A0. (3.8)
SinceA0 is a bounded subset of H, we deduce from the proof of Theorem 3.2 that there exists some time t1 = t1(A0)
such that
S (t1)A0 ⊂ B0 ,
{
u ∈ V : ‖u‖2 ≤
2
ν
‖ f ‖22 + (CN
4
+ 1)(1 +
2
νλ1
)
1
ν2λ1
‖ f ‖22
}
,
which implies that S (t1)A0 is a bounded subset of V. Hence, we have
distH(A0,A) =distH(S (t)A0,A) (∀ t ∈ R
+)
≤
1
λ1
distV (S (t)A0,A) (∀ t ∈ R
+)
=
1
λ1
lim
t→+∞
distV (S (t)A0,A)
=
1
λ1
lim
t→+∞
distV (S (t − t1)S (t1)A0,A)
=0,
entails that
A0 ⊂ A. (3.9)
It follows from (3.8)-(3.9) that
A0 = A.

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3.3. The existence of an exponential attractor
In this subsection, inspired by the idea in [1, 8, 9, 18], we prove the existence of an exponential attractor in H for
problem (1.1). The definition of exponential attractor can be referred to [1, 6, 8, 9, 10, 18].
In what follows, we first prove the smoothing property of the semigroup {S (t)}t≥0 generated by problem (1.1).
Theorem 3.5. Assume that f ∈ H and let (ui, pi) be the solution of problem (1.1) with the initial data ui
0
for
i = 1, 2. Then for any bounded subset B ⊂ H, there exists some time t2 = t2(B) such that the following estimate holds
‖u1(t) − u2(t)‖2 ≤
̺1
t¯
e̺2 t¯‖u10 − u
2
0‖
2
2 (3.10)
for any ui
0
∈ B and any t ≥ t2 + 1, where t¯ = t − t2, ̺1 and ̺2 are positive constants which only depend on Ω, ν, λ1, N
and ‖ f ‖2.
Proof. For any bounded subset B of H, we deduce from Theorem 3.2 that there exists some time t2 = t2(B) such that
S (t)B ⊂ B1 , {u ∈ V : ‖u‖
2 ≤ ρ1}
for any t ≥ t2.
For any t ≥ t2, integrating (3.4) over (t2, t), we obtain that for any u
1(0) ∈ B,
ν
∫ t
t2
‖Au1(s)‖22 ds ≤
2
ν
‖ f ‖22(t − t2) + CN
4
∫ t
t2
‖u1(s)‖2 ds + ‖u1(t2)‖
2
≤
2
ν
‖ f ‖22(t − t2) + CN
4ρ1(t − t2) + ρ1. (3.11)
Let ui
0
∈ B for i = 1, 2 and (u(t), p(t)) = (u1(t)−u2(t), p1(t)−p2(t)), then (u(t), p(t)) satisfies the following equations

∂u
∂t
− ν∆u + FN(‖u
1‖)(u1 · ∇)u1 − FN(‖u
2‖)(u2 · ∇)u2 + ∇p = 0, (x, t) ∈ Ω × R+,
∇ · u = 0, (x, t) ∈ Ω × R+,
u = 0, (x, t) ∈ ∂Ω × R+,
u(x, 0) = u1
0
− u2
0
, x ∈ Ω.
(3.12)
Multiplying the first equation of (3.12) by u and integrating overΩ, from the proof of Theorem 1.1 in [19], we obtain
1
2
d
dt
‖u(t)‖22 + ν‖u(t)‖
2 ≤ CN‖u(t)‖
1
2
2
‖u(t)‖
3
2
entails that
d
dt
‖u(t)‖22 + ν‖u(t)‖
2 ≤ CN4‖u(t)‖22.
We infer from the classical Gronwall inequality that
‖u(t)‖22 + ν
∫ t
0
‖u(s)‖2 ds ≤ eCN
4 t‖u(0)‖22. (3.13)
Taking the inner product of the first equation of (3.12) with Au in H, we find
1
2
d
dt
‖u(t)‖2 + ν‖Au(t)‖22 = −
∫
Ω
(
FN(‖u
1‖)(u1 · ∇)u1 − FN(‖u
2‖)(u2 · ∇)u2
)
· Au dx. (3.14)
From the proof of Theorem 1.1 in [19], we know
FN(‖u
1‖)(u1 · ∇)u1 − FN(‖u
2‖)(u2 · ∇)u2
=FN(‖u
1‖)(u · ∇)u1 + FN(‖u
2‖)(u2 · ∇)u +
(
FN(‖u
1‖) − FN(‖u
2‖)
)
(u2 · ∇)u1.
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It follows from Ho¨lder inequality, Young inequality and Lemma 2.1 that
∣∣∣∣∣
∫
Ω
(
FN(‖u
1‖)(u1 · ∇)u1 − FN(‖u
2‖)(u2 · ∇)u2
)
· Au dx
∣∣∣∣∣
≤|FN(‖u
1‖)| ‖u‖L∞(Ω) ‖∇u
1‖2 ‖Au‖2 + |FN(‖u
2‖)| ‖u2‖6 ‖∇u‖3 ‖Au‖2
+ |FN(‖u
1‖) − FN(‖u
2‖)| ‖u2‖6 ‖∇u
1‖3 ‖Au‖2
≤C|FN(‖u
1‖)| ‖u1‖ ‖u‖
1
2 ‖Au‖
3
2
2
+ C|FN(‖u
2‖)| ‖u2‖ ‖u‖
1
2 ‖Au‖
3
2
2
+
C
N
|FN(‖u
1‖)| |FN(‖u
2‖)| ‖u2‖ ‖u1‖
1
2 ‖Au1‖
1
2
2
‖u‖ ‖Au‖2
≤CN‖u‖
1
2 ‖Au‖
3
2
2
+CN
1
2 ‖Au1‖
1
2
2
‖u‖ ‖Au‖2
≤C(N4 + N‖Au1‖2)‖u‖
2
+
ν
2
‖Au(t)‖22. (3.15)
Therefore, we infer from (3.14)-(3.15) that
d
dt
‖u(t)‖2 + ν‖Au(t)‖22 ≤ C(N
4
+ N‖Au1‖2)‖u‖
2. (3.16)
For any t ≥ t2, multiplying (3.16) by t¯ = t − t2 and integrating the resulting inequality over (t2, t), we obtain
t¯‖u(t)‖2 ≤C
∫ t
t2
(N4 + N‖Au1(s)‖2)(s − t2)‖u(s)‖
2 ds +
∫ t
t2
‖u(s)‖2 ds.
It follows from the classical Gronwall inequality, (3.11) and (3.13) that
t¯‖u(t)‖2 ≤
(∫ t
t2
‖u(s)‖2 ds
)
exp
{
C
∫ t
t2
(N4 + N‖Au1(s)‖2) ds
}
≤
(∫ t
0
‖u(s)‖2 ds
)
exp
CN4 t¯ +CNt¯
1
2
(∫ t
t2
‖Au1(s)‖22 ds
) 1
2

≤
1
ν
eCN
4 t exp
CN4 t¯ +CNν−
1
2 t¯
1
2
(
2
ν
‖ f ‖22 t¯ + CN
4ρ1 t¯ + ρ1
) 1
2
 ‖u(0)‖22
≤
1
ν
exp
CN4 t¯ +CNν−
1
2 t¯
(
2
ν
‖ f ‖22 +CN
4ρ1 + ρ1
) 1
2
 ‖u(0)‖22
for any t ≥ t2 + 1.

Next, we will prove the time regularity of the semigroup {S (t)}t≥0 generated by problem (1.1).
Theorem 3.6. Assume that f ∈ H. Then for any bounded subset B ⊂ H, there exists a positive function ̺3(s)
defined on R+ and some time t3 = t3(B) > 0 such that
‖S (t)u0 − S (t˜)u0‖2 ≤ ̺3(|t − t˜|)|t − t˜|
1
2 (3.17)
for any t, t˜ ≥ t3 and any u0 ∈ B, where S (t)u0 is the solution of problem (1.1) with initial data u0.
Proof. For any bounded subset B of H, we deduce from Theorem 3.2 that there exists some time t3 = t3(B) such that
S (t)B ⊂ B1 = {u ∈ V : ‖u‖
2 ≤ ρ1}
for any t ≥ t3.
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For any t, t˜ ≥ t3, without loss of generality, we assume that t ≥ t˜, integrating (3.4) over (t˜, t), we obtain that for any
u0 ∈ B,
ν
∫ t
t˜
‖Au(s)‖22 ds ≤
2
ν
‖ f ‖22(t − t˜) +CN
4
∫ t
t˜
‖u(s)‖2 ds + ‖u(t˜)‖2
≤
2
ν
‖ f ‖22(t − t˜) +CN
4ρ1(t − t˜) + ρ1. (3.18)
Thanks to
‖ut‖2 ≤‖ f ‖2 + ν‖Au‖2 + |FN(‖u‖)| ‖u‖6 ‖∇u‖3
≤‖ f ‖2 + ν‖Au‖2 + C|FN(‖u‖)| ‖u‖ ‖Au‖2. (3.19)
Combining Lemma 2.1 with (3.18)-(3.19), we obtain∫ t
t˜
‖ut(s)‖
2
2 ds ≤2‖ f ‖
2
2(t − t˜) + (2ν
2
+CN2)
∫ t
t˜
‖Au(s)‖22 ds
≤2‖ f ‖22(t − t˜) +
1
ν
(2ν2 +CN2)
(
2
ν
‖ f ‖22(t − t˜) +CN
4ρ1(t − t˜) + ρ1
)
,:̺3(|t − t˜|)
2.
Therefore, we obtain
‖S (t)u0 − S (t˜)u0‖2 =
∥∥∥∥∥∥
∫ t
t˜
ut(s) ds
∥∥∥∥∥∥
2
≤
∫ t
t˜
‖ut(s)‖2 ds
≤
(∫ t
t˜
‖ut(s)‖
2
2 ds
) 1
2
|t − t˜|
1
2
≤̺3(|t − t˜|)|t − t˜|
1
2
for any t, t˜ ≥ t3 and any u0 ∈ B.

Finally, inspired by the idea in [1, 8, 9, 18], we can easily construct the existence of an exponential attractor for
problem (1.1). Here, we only state it as follows.
Theorem 3.7. Assume that f ∈ H. Let {S (t)}t≥0 be a semigroup generated by problem (1.1). Then the semigroup
{S (t)}t≥0 possesses an exponential attractor E ⊂ H, namely,
(i) E is compact and positively invariant with respect to S (t), i.e.,
S (t)E ⊂ E
for any t ≥ 0.
(ii) The fractal dimension dim f (E,H) of E is finite.
(iii) E attracts exponentially any bounded subset B of H, that is, there exists a positive nondecreasing function Q and
a constant ρ > 0 such that
distH(S (t)B,E) ≤ Q(‖B‖H)e
−ρt
for any t ≥ 0, where distH denotes the non-symmetric Hausdorff semi-distance between two subsets of H and ‖B‖H
stands for the size of B in H. Moveover, both Q and ρ can be explicitly calculated.
Thanks toA0 ⊂ E, we immediately deduce the following result.
Corollary 3.1. Assume that f ∈ H. Then the fractal dimension of the global attractor for problem (1.1) established
in Theorem 3.3 is finite, i.e.,
dim f (A0,H) < +∞.
8
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